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a b s t r a c t
LetRbe a one-dimensional, reducedNoetherian ringwith finite normalization, and suppose
there exists a positive integer NR such that, for every indecomposable finitely generated
torsion-free R-module M and every minimal prime ideal P of R, the dimension of MP , as
a vector space over the localization RP (a field), is less than or equal to NR. For a finitely
generated torsion-free R-moduleM , we call the set of all such vector-space dimensions the
rank-set of M . What subsets of the integers arise as rank-sets of indecomposable finitely
generated torsion-free R-modules? In this article, we give more information on rank-sets
of indecomposable modules, to supplement previous work concerning this question. In
particular we provide examples having as rank-sets those intervals of consecutive integers
that are not ruled out by an earlier article of Arnavut, Luckas and Wiegand. We also show
that certain non-consecutive rank-sets never arise.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In their ground-breaking work of the nineteen sixties, H. Bass, E. Dade, J. Drozd, A. Roı˘ter and others laid the foundation
for a description of the isomorphism classes of indecomposable modules over a wide class of one-dimensional rings, cf. [4,
7,8,13,14]. In their classical work, the isomorphism classes of indecomposable modules were determined over rings that
are finitely generated over the integers Z as additive groups, such as the rings of algebraic integers in finite extensions of
the rationals. Over such a classical order there are only finitely many non-isomorphic indecomposable finitely generated
torsion-free modules, cf. [8,9,13].
Our setting includes ringswith infinitelymany pairwise non-isomorphic finitely generated, torsion-free indecomposable
modules.
Preliminary Setting and Notation 1.1. We assume throughout that R is a ring-order, that is, a commutative Noetherian,
one-dimensional, reduced ring such that the integral closure R˜ (or normalization) in the quotient ring of R is finitely
generated as an R-module. All modules are finitely generated and torsion-free, so that rm = 0, 0 6= r ∈ R, 0 6= m ∈ M H⇒ r
a zero-divisor of R.
We measure a torsion-free R-module M using the following notions: Let P1, . . . , Ps be the minimal prime ideals of the
ring-order R. For each i with 1 ≤ i ≤ s, define ri, the ‘‘rank of M at Pi,’’ by ri := dimRPi (MPi), the dimension of MPi as
an RPi-vector space. The rank of M is given by rank(M) := (r1, . . . , rs). Then Ranks(M) is the set {r1, . . . , rs}, and is called
the rank-set of M . For N ∈ Z, the module M has constant rank N if each ri = N and we write rank(M) = N . The spread of
Ranks(M) is the least integer i so that Ranks(M) ⊆ [N,N+i] for someN ∈ Z (here [N,N+i] = {n ∈ Z |N ≤ n ≤ n+i}). The
ring R has bounded representation type if there exists an N = NR ∈ Z such that, for each indecomposable finitely generated
torsion-free R-moduleM , rank(M) ≤ (N,N, . . . ,N).
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The following examples of local ring-orders of bounded representation type, where k is an infinite field, are described in [16,
Theorems 3.2, 3.4 and 3.5]:
T1 := k[X3, X5](X3,X5) T2 := (k[X, Y ]/Y (Y 2 − X3))(X,Y )
T3 := (k[X, Y ]/XY (Y − X2))(X,Y ).
(1.1.1)
In particular, for i ∈ {1, 2, 3} and every minimal prime ideal P of Ti, (Ti)P is isomorphic to k(X). The completion of T1 is a
domain and T1 has indecomposable torsion-free modules of ranks 1, 2 and 3, whereas the completion of T2 has twominimal
primes and T2 has indecomposable torsion-free modules of ranks (1, 0), (0, 1), (1, 1), (2, 1), (1, 2) and (2, 2). Finally, T3
has a completion with threeminimal primes and indecomposable torsion-freemodules of ranks (1, 0, 0), (0, 1, 0), (0, 0, 1),
(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1) and (1, 1, 2). Together, these rings have indecomposablemodules of every rank possible
for a local ring-order (listed in Theorem 2.2).
Remark 1.2. For most ring-orders of bounded representation type, the ranks of the indecomposable modules are not
universally bounded, that is, for every N ≥ 1 there exists a ring of bounded representation type N , cf. [7,12].
Our focus in this article is the following question:
Question 1.3. What subsets of the integers are realizable as the rank-sets of indecomposable modules?
The following theorem gives a partial answer. As explained in [3], this theorem is obtained by substituting the recent
results of [3] for older results of [2] in the calculations of [1, Theorems 3.1 and 4.2].
Theorem 1.4 ([3]). Let R be a ring-order of bounded representation type, let n be a positive integer, and let M be an R-module.
Then:
1. If Ranks(M) = {r}, for a positive integer r, and M is indecomposable, then r ∈ {1, 2, 3, 4, 6}.
2. If n ≥ 8 and Ranks(M) ⊆ [n, 2n− 8], then M has a direct summand of constant rank 6.
3. For each n ≥ 8, there exist a semilocal ring-order R of bounded representation type and an indecomposable finitely generated
torsion-free R-module with rank (n, n+ 1, . . . , 2n− 7).
Table 1.5 below shows some subsets of integers that might arise as the rank-sets of indecomposable modules over ring-
orders of bounded representation type.
Table 1.5 ([1, Table 0.6]).
spread 0 (constant rank): {1}, {2}, {3}, {4}, {6}.
spread1: {0, 1}, {1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 7}, {7, 8}, {8, 9}.
spread2: {0, 1, 2}, {1, 2, 3}, {2, 3, 4}, {3, 4, 5}, {4, 5, 6}, {5, 6, 7}, {6, 7, 8}, {7, 8, 9}, {8, 9, 10}, {9, 10, 11}.
...
...
spread i: {0, 1, . . . , i}, {1, 2, . . . , 1+ i}, . . . , {7+ i, 8+ i, . . . , 7+ 2i}.
...
...
By Theorem 1.4, the rank-set of every indecomposable module is either a set in Table 1.5 or is a proper subset of a set
listed in the table. Furthermore the right-most set in each line is a rank-set. In this article we examine whether other proper
subsets of the sets given are rank-sets. We prove the following Main Theorem in Section 3:
Main Theorem 1.6. For each set in Table 1.5, there exist a semilocal ring-order R of bounded representation type and an
indecomposable finitely generated torsion-free R-module with that rank-set.
Section 2 of this article contains background results used for the proof of Main Theorem 1.6. In Section 4 we consider
proper subsets of the rank-sets in Table 1.5. For some of the subsets, we find indecomposable modules having those rank-
sets, while certain other subsets of the sets in Table 1.5 are not the rank-sets for indecomposable modules.
2. Background
First, we further restrict our setting to restrictions appropriate for the analysis of ranks of indecomposables, and in order
to avoid trivial cases.
Setting 2.1. Let R be a ring-order as given in Setting 1.1. We assume R is connected, that is, R is not a direct product of two
non-trivial rings, and that R does not equal its normalization R˜. (Over a Dedekind domain, the non-zero indecomposable
modules have rank one.) We assume every minimal prime ideal of R is contained in a singular maximal ideal, that is, a
maximal ideal of R containing (˜R : R). (A maximal idealM is non-singular if and only if RM is integrally closed, and then
RM is either a field or a discrete valuation ring, so that the ranks of indecomposable RM-modules are sequences of ones
and zeros.) Since the localization of R at the complement of the union of the (finitely many) singular maximal ideals has
indecomposable modules of the same ranks as R [17, Theorems 1.3 and 1.4], it suffices to consider R semilocal.
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The first theorem below gives a list of the rank-sets that can occur for indecomposable R-modules when R is a local
ring-order. For proofs of various cases, see [1–3,5,6,9] and [16].
Theorem 2.2 ([3]). Suppose that (R,M) is a local ring-order with bounded representation type. Let M be an indecomposable
finitely generated torsion-free R-module. Then R has at most three minimal prime ideals and the rank of M is one of the following:
(2.2.1) If R has one minimal prime ideal, then rank(M) ∈ {1, 2, 3}.
(2.2.2) If R has two minimal prime ideals, then rank(M) is one of:
(1, 0), (0, 1), (1, 1), (1, 2), (2, 1), (2, 2).
(2.2.3) If R has three minimal prime ideals, then rank(M) is one of:
(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1), (1, 1, 2).
Our techniques require uniqueness of decomposition into indecomposables, as given in the Krull–Remak–Schmidt
Theorem. The version below is due to Roger Wiegand.
Theorem 2.3 ([1, Corollary 1.11]). Let R be a one-dimensional local ring with reduced completion R̂. Suppose the number of
minimal primes of R is the same as the number of minimal primes of R̂. Then, whenever M1⊕ · · · ⊕Ms ∼= N1⊕ · · · ⊕ Nt , where
s and t are positive integers and the Mi and Nj are indecomposable finitely generated torsion-free R-modules, we have s = t, and
after some reordering Mi ∼= Ni for all 1 ≤ i ≤ s.
The next theorem, a ‘‘ring-gluing’’ theorem, allows us to construct a ‘‘made-to-order’’ ring having the prime ideal
structure and localizations we desire.
Theorem 2.4 ([16, Theorem 4.6]). Let k be an infinite field, and t an indeterminate over k. Let (R1,M1), . . . , (Rn,Mn) be reduced
local k-algebras of dimension one, such that, for each i and each minimal prime P of Ri, (Ri)P is k-isomorphic to K(t), where K
is some algebraic extension field of k, possibly depending on i and P. Let X be a finite one-dimensional partially ordered set with
exactly n maximal elements x1, . . . , xn, all of them non-minimal. Assume:
1. For each i, there is an order-embedding φi : Spec Ri → X taking Mi to xi; that is, the number of elements of X that are ≤ xi
is equal to the cardinality of Spec Ri.
2. If P ∈ Spec Ri and Q ∈ Spec Rj are such that φi(P) = φj(Q ), then (Ri)P ∼= (Rj)Q as k-algebras.
Then there is a semilocal k-algebra R with maximal ideals {Ni | i = 1, . . . , n} such that Spec R is order-isomorphic to X, where
Ni maps to xi and RNi ∼= Ri, for all i.
The following ‘‘module-gluing’’ theorem yields modules having specified ranks and localizations.
Theorem 2.5 ([15, Lemma 1.11]). Let R be a semilocal ring-order with maximal idealsM1, . . . ,Mn, and let Ai be a torsion-free
RMi-module, for each i with 1 ≤ i ≤ n. For each pair i, j with 1 ≤ i < j ≤ n and each minimal prime ideal P contained in
Mi ∩Mj, we assume that (Ai)P ∼= (Aj)P . (That is, (Ai)P and (Aj)P have the same vector-space dimensions over RP .) Then there
exists a torsion-free R-module A (unique up to isomorphism) such that AMi ∼= Ai, for each i with 1 ≤ i ≤ n.
By the following theorem, a module decomposes globally if it decomposes locally into pieces with compatible ranks.
Theorem 2.6 ([11, Theorem 4.1]). Let R be a ring-order, and let P1, . . . , Ps be the minimal primes of R. Let A be a torsion-free R-
module and let n1, . . . , ns be non-negative integers. Suppose, for every maximal idealM of R and for all j such that Pj is contained
inM, that AM has a direct summand X(M) and dimRPj (X(M)Pj) = nj. Then A has a direct summand X of rank (n1, . . . , ns) and
XM ∼= X(M).
3. Proof of the main theorem
First we adjust a given ring-order R and an indecomposable R-module to get a ring-order U having an indecomposable
U-module with a larger rank-set than that of the given indecomposable R-module.
Proposition 3.1. Suppose R is a semilocal ring-order of bounded representation type and M is an indecomposable R-module of
rank (a1, . . . , as). If t is a positive integer such that t ≤ 2a`, for some 1 ≤ ` ≤ s, then there exist a semilocal ring-order U and
an indecomposable U-module of rank (a1, . . . , as, t).
Proof. Let P1, . . ., Ps denote the minimal prime ideals of R, where each ai = dimRPi (MPi). LetMi, for 1 ≤ i ≤ m, denote the
maximal ideals of R, where m is some positive integer. We use Theorem 2.4to construct a k-algebra U over an infinite field
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k that has certain prescribed localizations. The maximal ideals of U are {M′i | 1 ≤ i ≤ m} and T , and the minimal prime
ideals are {P ′i | 1 ≤ i ≤ s} and Q . Then U has exactly one more minimal prime ideal and one more maximal ideal than R.
We specify that, if Pi ⊆Mj in R for some i and j, then P ′i ⊆M′j in U . The only additional relation in U is P ′` ∪ Q ⊆ T , where
` is as specified in the proposition.
We specify that the localizations of U at the maximal ideals are isomorphic to one of T1, T2 or T3 from (1.1.1)): For each
maximal idealM′ of U , the localization UM′ is isomorphic to T1 ifM′ contains exactly one minimal prime; the localization
UM′ is isomorphic to T2 ifM′ contains exactly twominimal primes, and the localizationUM′ is isomorphic to T3 ifM′ contains
exactly three minimal primes. The localization UT is isomorphic to T2. The further localizations at commonminimal primes
are isomorphic, so that condition (2) of Theorem 2.4 holds. The hypothesis implies each maximal ideal of R contains at most
three minimal primes [7, page 410], and thus each maximal ideal of U contains at most three minimal primes as well.
To define a U-module N , we specify the localizations of N at the maximal ideals of U and apply Theorem 2.5. We specify
each localization of N in terms of generic indecomposables, that is, certain indecomposable modules having specified ranks.
Generic indecomposables of the same rank are not necessarily isomorphic, cf. [10] or [15]. As in (2.1) of [1], let I(11), I(12), etc.
denote generic indecomposables of ranks (1, 1), (1, 2), etc. For each i such that 0 ≤ i ≤ m, the localization of N atM′i is
defined to be a direct sum of generic indecomposables that matches the direct sum of indecomposables in a decomposition
ofMMi . Thus dimUP ′i
(NP ′i ) = dimRPi (MPi) = ai for 1 ≤ i ≤ s. First suppose a` ≤ t ≤ 2a`. In this case, set NT = I
2a`−t
(11) ⊕ I t−a`(12) .
Then rank(N) = (a1, . . . , as, t), where ai is the rank at the minimal prime ideal P ′i , and t is the rank at the minimal prime
idealQ.
Claim. N is indecomposable.
Proof of Claim. SupposeN = X⊕Y , so XM′i is a direct summand ofNM′i . SinceMMi ∼= NM′i by the construction ofN ,MMi has
a direct summand of the same rank as XM′i . By Theorem 2.6,M has a direct summand of rank (dimRP1 (XP1), . . . , dimRPs (XPs)).
NowM is indecomposable, and so this direct summand is 0 orM . Thus the first s coordinates in the rank of either X or Y are
all zero. Suppose X is the summand with zeros in the first s coordinates, so that rank(X) = (0, . . . , 0, α), where 0 ≤ α ≤ t ,
and rank(Y ) = (a1, . . . , as, t − α).
Since NT = I2a`−t(11) ⊕ I t−a`(12) , the Krull–Remak–Schmidt Theorem 2.3 gives XT is a sum of indecomposable modules of types
I(11) and I(12), that is, XT = Iβ(11) ⊕ Iγ(12), where 0 ≤ β ≤ 2a` − t and 0 ≤ γ ≤ t − a`, so that rank(XT ) = (β + γ , β + 2γ ).
Recall that rank(XT ) = (dimRP ′` (XP ′` ), dimRQ (XQ)) = (0, α). Thus β + γ = 0, and thus both β and γ are 0, giving us
β + 2γ = α = 0 also. Thus X = 0, and so the claim holds. 
If instead t ≤ a`, construct the ring U and the module N as above except define NT to be I t(11) ⊕ Ia`−t(10) . Then the same
argument holds except now XT = Iβ(11) ⊕ Iγ(10), where 0 ≤ β ≤ t and 0 ≤ γ ≤ a` − t . Then rank(XT ) = (β + γ , β) =
(dimRP ′` (XP ′` ), dimRQ (XQ)) = (0, α). As before, β + γ = 0, and thus β = α = 0. Hence X = 0. 
The following corollary to Proposition 3.1 shows that rank-sets of indecomposables need not be consecutive.
Corollary 3.2. For each integer n, there exist a semilocal ring-order R of bounded representation type and an indecomposable
R-module with a gap of size n in the rank-set.
For example, there is an indecomposablemodule with rank (6, 12, . . . , 6 · (2k), 6 · (2k+1)), having a gap in the rank-set of
size 6·(2k). Simply start with an indecomposablemodule of constant rank 6 (see [16]), then repeatedly apply Proposition 3.1
to get indecomposable modules of ranks (6, 12), (6, 12, 24), etc. until the desired rank-set is reached.
Next we prove the Main Theorem.
Main Theorem 3.3. For each set in Table 1.5, there exist a semilocal ring-order R of bounded representation type and an
indecomposable finitely generated torsion-free R-module with that rank-set.
Proof. It is known that indecomposable modules with constant rank 1, 2, 3, 4 and 6 exist, cf. [16]. By Theorem 1.4(3),
there exist a ring-order R and an indecomposable R-module for each of the last sets of integers listed for each rank-spread in
Table 1.5, that is, for the sets {8, 9}, {9, 10, 11}, {10, 11, 12, 13}, etc. Proposition 3.1,with the constant-rank indecomposable
modules, gives a ring-order and an indecomposable module for each of the rank-sets of spread 1 in Table 1.5, except {7, 8}.
We construct a ring-order R and an indecomposable moduleM having rank (7, 8) next.
By Theorem 2.4 there exists a semilocal ring-order Rwith maximal idealsM7,M8,N7,8 andQ7,8, and minimal primes P7
and P8. The containments between ideals are shown in (3.3.1).
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Referring to the local ring-orders from (1.1.1), the localizations RM7 and RM8 are to be isomorphic to T1; and the
localizations RN7,8 and RQ7,8 are to be isomorphic to T2.
We use Theorem 2.5 to constructM by specifying its localizations. Let I1, I2, and I3 denote indecomposables of ranks 1, 2
and 3, respectively. We use exponents on the indecomposables to indicate the number of direct summands of that rank. We
set:MM7 = I22 ⊕ I3,MM8 = I42 ,MN7,8 = I7(11)⊕ I(01), andMQ7,8 = I3(12)⊕ I2(21). Indecomposables of these ranks occur over the
localizations of R by [16]. Note that M has rank (7, 8). The rank at P7 (that is, the vector-space dimension of M localized at
P7) is 7, and the rank at P8 is 8.
Diagram (3.3.2), adjusted from (3.3.1), illustrates the R-moduleM constructed fromTheorem2.5. Here the diagram shows
each localization of the module in place of each prime ideal. For a minimal prime ideal P , the localization RP is a field, and
so the only indecomposable RP -module (up to isomorphism) is RP itself. Thus we have a direct sum of copies of RP shown in
the diagram in place of a minimal ideal P .
Claim. M is indecomposable.
Proof of Claim. SupposeM decomposes as X⊕Y for some R-modules X and Y . Define a7 to be the rank of X at P7, and define
a8 to be the rank of X at P8. For each maximal idealM of R, the localization atM,MM , decomposes as XM ⊕ YM .
SinceMM8 = I42 , the Krull–Remak–Schmidt Theorem 2.3 forces that XM8 is in {0, I2, I22 , I32 , I42 }, and so, a8 ∈ {0, 2, 4, 6, 8}.
Similarly, a7 ∈ {0, 2, 3, 4, 5, 7}. Since MN7,8 = I7(11) ⊕ I(01), by the Krull–Remak–Schmidt Theorem 2.3, XN7,8 = I j(11) ⊕ I`(01)
for 0 ≤ j ≤ 7 and ` = 0 or 1. Thus, a8 ∈ {a7, a7 + 1}. The only possibilities for rank(X) = (a7, a8) are (0, 0), (2, 2), (3, 4),
(4, 4), (5, 6) or (7, 8). Now consider Q7,8. Since MQ7,8 = I3(12) ⊕ I2(21), we have XQ7,8 = I j(12) ⊕ I`(21), for integers j and ` with
0 ≤ j ≤ 3 and 0 ≤ ` ≤ 2. Thus rank(X) is of the form (j+ 2`, 2j+ `), for 0 ≤ j ≤ 3 and 0 ≤ ` ≤ 2. The only values of this
form from the possibilities listed are (0, 0) and (7, 8), and they represent trivial decompositions.
Now there are indecomposablemodules for each of the rank-sets of spread 1, andwe get the other rank-sets by extending
these rank-sets. Let i ≥ 2. Choose a set, from Table 1.5, of spread i that is not the last set listed for spread i. This is a set
{u, u+ 1, . . . , u+ i− 1, u+ i}where 0 ≤ u ≤ 7+ i by Theorem 1.4(2). Assume that there exist semilocal ring-orders and
indecomposable modules for every set of spread i− 1 in Table 1.5. Every set of spread i ≥ 2 in the table, except the last one
listed, is just a set of spread i − 1 with one additional entry at the end. Thus, over some semilocal ring-order, there exists
an indecomposable module with rank (u, u + 1, . . . , u + i − 1). Then, by Proposition 3.1, the ring R and indecomposable
R-module of rank (u, u+ 1, . . . , u+ i− 1, u+ i) exist, as desired. The proofs of Theorem 1.4(3) and Proposition 3.1 provide
the explicit constructions of the ring-orders and the indecomposable modules.  
4. Rank-sets with gaps
Question 4.1. For which proper subsets of the rank-sets given in Table 1.5 are there a ring-order R and an indecomposable
R-module having that rank-set?
Many of these subsets are ruled out by Theorem1.4(1) and (2). For example, although there is an indecomposablemodule
of rank (10, 11, 12, 13), some proper subsets of {10, 11, 12, 13} are not rank-sets for indecomposable modules. For a ring-
order R of bounded representation type there are no indecomposable R-modules of constant rank 10, 11, 12 or 13. The sets
{10, 11}, {10, 12}, {11, 12}, {11, 13}, {12, 13}, {10, 11, 12} and {11, 12, 13} also donot occur as rank-sets for indecomposable
R-modules; each has a direct summand of constant rank 6. However, Theorem 1.4 does not rule out indecomposable R-
modules with the following rank-sets: {10, 13}, {10, 11, 13} or {10, 12, 13}. In general, Theorem 1.4 does not rule out
indecomposable modules with rank-sets that are proper subsets containing both the smallest and largest entries of a set
from Table 1.5. Indecomposable modules of rank (10, 11, 13) and rank (10, 12, 13) can be constructed by Theorems 2.4 and
2.5, as in the proof of Main Theorem 3.3. However, it is straightforward to check, using Theorems 2.2 and 2.6, that every
module of rank (10, 13) has a direct summand of constant rank 4.
There exist many indecomposable modules with non-consecutive rank-sets by the following theorem.
Theorem 4.2. Let R and U be semilocal ring-orders of bounded representation type, let M be an indecomposable R-module of
rank (a1, . . . , as), and let N be an indecomposable U-module of rank (b1, . . . , bm). Then there exists a semilocal ring-order T and
an indecomposable T-module L of rank (a1, . . . , as, b1, . . . , bm).
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Proof. Assume as 6= 0, bm 6= 0 and as ≤ bm. As in Proposition 3.1, construct T having s + m minimal prime ideals and
one more maximal ideal than the sum of the number of maximal ideals in R and U . The new maximal ideal M contains
the minimal prime ideals of T having ranks as and bm. Define LM = Ias(11) ⊕ I(bm−as)(01) . Then L is indecomposable because a
decomposition for Lwould imply a decomposition forM or N by Theorem 2.6. 
We have no answer to Question 4.1, and believe that a complete answer would be complicated. Instead we answer the
following easier question.
Question 4.3. Given a ring-order of bounded representation type, and an indecomposable module of rank (a1, . . . , as), for
what integers t does there exist a ring-order and an indecomposable module of rank (a1, . . . , as, t)?
Proposition 3.1 gives a part of the answer. There, we constructed indecomposable modules with rank-sets having one
more entry than a given indecomposable module, as long as the new rank entry t was no larger than twice another rank
entry. We see next that if t is sufficiently large, the module decomposes. We use Lemma 4.4 which (almost) says that, if all
modules having a given rank-set decompose, then a module N having a rank-set that is a subset of the first rank-set also
decomposes.
Lemma 4.4. Let 0 ≤ j ≤ s be integers, let (a1, . . . , as) and (d1, . . . , ds) be ordered sets of integers, and let {α1, . . . , αj} ⊆
{1, . . . , s}with α1 < · · · < αj. Let U be a semilocal ring-order of bounded representation type with j minimal primes, and N a U-
module of rank (aα1 , . . . , aαj). Suppose for every ring-order R of bounded representation type with s minimal prime ideals, every
R-module of rank (a1, . . . , as) has a direct summand of rank (d1, . . . , ds). Then N has a direct summand of rank (dα1 , . . . , dαj).
Furthermore, N decomposes (non-trivially) if 0 < dαi < aαi for some i.
Proof. Let Pα1 , . . . , Pαj denote the minimal primes of U where the rank of N at Pαi is aαi , for each i. LetM1, . . . ,Mm denote
themaximal ideals ofU . Define a ring-order R of bounded representation type using Theorem 2.4. Define R to have sminimal
prime ideals {P ′i }si=1 andm+ (s− j)maximal ideals: {M′i}mi=1 and {N ′i | i ∈ {1, . . . , s} − {α1, . . . , αj}}. The relations among
the prime ideals of R are defined to be exactly: P ′i ⊆M′` if Pi ⊆M` in U , and P ′i ⊆ N ′i ∀i ∈ {1, . . . , s} − {α1, . . . , αj}.
Define R localized at amaximal ideal to be isomorphic to T1 from (1.1.1) if themaximal ideal contains exactly oneminimal
prime, T2 if the maximal ideal contains exactly two minimal primes, and T3 otherwise. Now define an R-module M using
Theorem 2.5. For 1 ≤ i ≤ m, MM′i is defined to be a direct sum of indecomposable modules of the same ranks as in a
decomposition of NMi . For i ∈ {1, . . . , s} − {α1, . . . , αj}, define MN ′i = I
ai
1 . We have rank(M) = (a1, . . . , as), and so by
hypothesis M ∼= X ⊕ Y , where X has rank (d1, . . . , ds). Let Mi be a maximal ideal of U , and let Pn be a minimal prime
ideal of U contained inMi. By the definition of M , MM′i
∼= NMi . Now MM′i has a summand XM′i of the desired rank, that is,
dimRP ′n
(XM′i P ′n
) = dn, and therefore NMi also has a summand of the desired rank. Hence N has a direct summand of rank
(dα1 , . . . , dαj) by Theorem 2.6. 
By Theorem 4.5, if the entries in a rank-set are ordered by size, and there is a big gap in the rank-set, that is, one entry
is at least twice as big as the previous entry, we can check if the module decomposes by considering only the entries in the
rank-set occurring after the gap.
Theorem 4.5. Let R be a ring-order of bounded representation type, and let M be an R-module of rank (a1, . . . , as) with
0 ≤ a1 ≤ · · · ≤ as. Suppose ai ≥ 2(ai−1) for some integer i with 1 < i ≤ s. Further suppose every module of rank (ai, . . . , as)
over a ring-order of bounded representation type has a direct summand of rank (di, . . . , ds), where di, . . . , ds are integers with
ai − 2(ai−1) ≥ Max{dj}sj=i. Then M has a direct summand of rank (0, 0, . . . , 0, di, . . . , ds).
Proof. Fix i as in the statement of the theorem, and let α := Max{dj}sj=i. Let P1, . . . , Ps be the minimal primes of R, ordered
so that dimRPj (MPj) = aj for all j. We show that MM has a direct summand of the appropriate rank for each maximal ideal
M of R and then apply Theorem 2.6. First supposeM contains exactly one minimal prime Pj. If j < i, then MM has a direct
summand of rank 0. If j ≥ i, thenMM has a direct summand of rank dj by Lemma 4.4 becauseMM is itself a module of rank
aj over the local ring RM . ThusM has a summand of the desired rank.
Now supposeM contains exactly twominimal primes Pj and Ph. If both j < i and h < i,MM has a direct summand of rank
(0, 0). If both j ≥ i and h ≥ i, then MM , having rank (aj, ah), has a direct summand of rank (dj, dh) by Lemma 4.4. Suppose
j < i ≤ h. Then
ah ≥ ai ≥ 2(ai−1)+ α ≥ 2(aj)+ α. (4.5.1)
By Theorem 2.2, writeMM as a sum of generic indecomposables
MM ‘‘ = ’’ Iw1(10) ⊕ Iw2(01) ⊕ Iw3(11) ⊕ Iw4(12) ⊕ Iw5(21) ⊕ Iw6(22).
Recall that I(10) represents an indecomposable module of rank (0, 1), and the exponentw1 means there arew1 copies of this
indecomposable summand in a decomposition ofMM . Since rank(MM) = (aj, ah), we obtain
aj = w1 + w3 + w4 + 2w5 + 2w6, (4.5.2)
ah = w2 + w3 + 2w4 + w5 + 2w6. (4.5.3)
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By (4.5.1), ah ≥ 2(aj)+ α ≥ 2(aj)+ dh. Substituting (4.5.2) for aj and (4.5.3) for ah, we obtain
w2 + w3 + 2w4 + w5 + 2w6 ≥ 2w1 + 2w3 + 2w4 + 4w5 + 4w6 + dh,
and sow2 ≥ dh. ThusMM has a summand of rank (0, dh), namely Idh(01). The case thatM contains exactly threeminimal prime
ideals is similar. 
By considering a specific condition, Theorem 1.4(2), that forces a module to decompose, we get the following corollary:
Corollary 4.6. Let R be a ring-order of bounded representation type andM an R-module with Ranks(M) ⊆ [0, n−62 ]∪[n, 2n−8]
for some integer n ≥ 8 with at least one rank entry as least as large as n. Then M decomposes non-trivially.
The corollary below is a specific case of Corollary 4.6, and shows that if the new rank entry t is sufficiently large, there
does not exist an indecomposable module of the desired rank. This gives more of the answer to Question 4.3.
Corollary 4.7. Let R be a ring-order of bounded representation type and M an R-module of rank (a1, . . . , as, t)with t ≥ 2a`+6
for all 1 ≤ ` ≤ s. Then M has a summand of rank (0, . . . , 0, 6).
This leaves the question of rank-sets (a1, . . . , as, t),where t > 2ai for all 1 ≤ i ≤ s, and t < 2a`+ 6 for some 1 ≤ ` ≤ s.
Is there an indecomposable module with this rank, assuming there is an indecomposable module of rank (a1, . . . , as)? The
following two propositions give the rest of the answer to Question 4.3.
Proposition 4.8. Let R be a semilocal ring-order of bounded representation type and M be an indecomposable R-module of rank
(a1, . . . , as) with a1 ≤ · · · ≤ as and as 6= 0. Suppose t = 2as + β and one of the following holds:
(i) β = 1,
(ii) t ≡ 1 mod 3 and β = 2, or
(iii) t ≡ 0 mod 3, and β = 2 or 4.
Then there exists a semilocal ring-order U and an indecomposable U-module of rank (a1, . . . , as, t).
We give only the main ideas of the proof, since it is very similar to the proofs of Proposition 3.1 and Lemma 4.4.
Proof. We use Theorems 2.4 and 2.5. Define U to have minimal primes P and Q with ranks as and t respectively. Define
maximal idealsM ⊇ P ∪ Q ,M′ ⊃ Q andM′′ ⊃ Q . Define other minimal primes and maximal ideals of U to match the
ideals of R. Define NM = Ias(12)⊕ Iβ(01). For case (i), define NM′ = I3⊕ Ias−12 . For case (ii), define NM′ = Ias+12 and NM′′ = Ir3⊕ I1,
where r = t−13 . For (iii), define NM′ = I
t
3
3 and NM′′ = In2 , where n = as + β2 . Define the remaining localizations of N
to be isomorphic to localizations of M so that rank(N) = (a1, . . . , as, t), and so that if N has a direct summand of rank
(b1, . . . , bn, α), then M has a summand of rank (b1, . . . , bn). But M is indecomposable, and so we can assume the only
proper direct summand of N has rank (0, . . . , 0, α) for some α. By considering NM , we have α ≤ β . We show α = 0. In case
(i), α 6= 1 by NM′ , and so, α = 0. For (ii), α ≤ 2 and 2 | α by NM′ . If α > 0 then also α ≡ 1 mod 3 by NM′′ . Thus α = 0. For
(iii), NM′ gives 3 | α. Thus if β = 2, then α = 0. If β = 4, then NM′′ gives 2 | α, and so, α = 0. 
For the remaining possibilities for t , we cannot build an indecomposable module as Proposition 4.9 shows.
Proposition 4.9. Let R be a ring-order of bounded representation type and M an R-module of rank (a1, . . . , as, t) with a1 ≤
· · · ≤ as and as 6= 0. Suppose t = 2as + β and one of the following holds:
(i) β = 3 or 5.
(ii) t ≡ 1 mod 3 and β = 4, or
(iii) t ≡ 2 mod 3, and β = 2 or 4.
ThenM decomposes non-trivially. Further,M has a direct summand of rank (0, . . . , 0, 3) in case (i), rank (0, . . . , 0, 4) in case (ii),
and rank (0, . . . , 0, 2) in case (iii).
Proof. For t and β as given in (i), (ii) or (iii), we first show that every module of rank (t) over a ring-order of bounded
representation type decomposes with a non-zero summand of rank at most β . Let U be a ring-order with one minimal
prime P , and let N be a U-module with rank(N) = (t). Let M be a maximal ideal of U . We show that NM has a direct
summand of a certain rank and thus so does the module N by Theorem 2.6. Write NM as a sum of generic indecomposables,
NM = Iw11 ⊕ Iw22 ⊕ Iw33 , by Theorem 2.2, and note that w1 + 2w2 + 3w3 = t . For (i), we show every module of rank (t) has
a summand of rank 3. If I3 is a summand of NM , we are done, so assume w3 = 0. Then since w1 + 2w2 = t is odd, we have
w1 ≥ 1. If w2 is positive then NM has a direct summand I1 ⊕ I2. If instead w2 = 0 then w1 ≥ 3 since t ≥ 3. Thus NM has
a direct summand I31 . For (ii), we show NM has a summand of rank 4. We are done if w1 ≥ 4 or w2 ≥ 2, so assume w1 ≤ 3
and w2 ≤ 1. If w2 = 0, then w1 = 1 since w1 + 3w3 = t ≡ 1 mod 3. Also w3 ≥ 1 since w1 + 3w3 = t ≥ 6. Thus NM
has a direct summand I1 ⊕ I3. If w2 = 1, then w1 + 3w3 ≡ 2 mod 3, and so w1 = 2. Hence NM has a direct summand
I22 . For (iii), we show NM has a summand of rank 2. If I2 is not a summand of NM , then w2 = 0. Therefore w1 ≥ 2 because
w1 + 3w3 = t ≡ 2 mod 3. Hence NM has I21 as a summand. Every module of rank (t) has a non-zero summand of rank at
most β = t − 2as, and so the R-moduleM decomposes by Theorem 4.5. 
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Example 4.10. As a final example, we consider the subsets of the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} having spread 9, that
is, subsets containing both 1 and 10. There is an indecomposable module of rank (1, 2, 3, 4, 5, 6, 7, 8, 9, 10) by Main
Theorem 3.3. Repeated applications of Proposition 3.1 give indecomposable modules with rank-sets {1, 2, 3, 6, 10},
{1, 2, 4, 8, 10}, and others. Proposition Proposition 4.8(ii) gives an indecomposable module with rank (1, 2, 3, 4, 10), since
an indecomposable module of rank (1, 2, 3, 4) exists by Main Theorem 3.3. Theorem 4.2 gives indecomposables with ranks
(1, 2, 7, 8, 9, 10) and (1, 2, 3, 4, 8, 9, 10), since indecomposables of ranks (1, 2), (7, 8, 9, 10), (1, 2, 3, 4) and (8, 9, 10) exist
by Main Theorem 3.3. Sets that do not occur as rank-sets of indecomposable modules include {1, 2, 10} and {1, 9, 10},
by Corollary 4.6. Modules of rank (1, 3, 10) decompose by Proposition 4.9(ii). Note that a constant-rank 10 module has
a summand of rank 6 by Theorem 1.4(ii), and thus also a summand of rank 4. Therefore modules with rank-sets {1, 10} and
{1, 2, 3, 10} decompose by Theorem 4.5. Similarly, a rank {9, 10}module has a summand of rank {3, 4}, and thus a module
of rank {1, 2, 9, 10} has a summand of rank {0, 0, 3, 4}.
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